Applying string dualities to F-theory, we obtain various [p, q]-branes whose constituents are standard branes of codimension two and exotic branes. We construct junctions of the exotic five-branes and their Hanany-Witten transitions associated with those in F-theory. In this procedure, we understand the monodromy of the single 5 2 2 -brane. We also find the objects which are sensitive to the branch cut of the 5 2 2 -brane. Considering the web of branes in the presence of multiple exotic five-branes analogous to the web of five-branes with multiple sevenbranes, we obtain novel brane constructions for SU (2) gauge theories with n flavors and their superconformal limit with enhanced E n+1 symmetry in five, four, and three dimensions. Hence, adapting the techniques of the seven-branes to the exotic branes, we will be able to construct F-theories in diverse dimensions.
Introduction
What is the role of exotic branes in string theory? The exotic branes appear when we apply string dualities such as T-and S-dualities to standard branes such as D-branes, NS5-brane, and fundamental string in lower dimensional spacetime [1, 2, 3, 4, 5, 6] . The features of the exotic branes are different from those of the standard branes. First, the tension of the exotic brane is often stronger than those of the standard branes. Second, the transverse dimensions of each exotic brane are two (or less). Then the harmonic function which governs the background geometry of the exotic brane is given as a logarithmic function. Strictly speaking, this implies that one cannot treat the exotic brane as a stand-alone object. Third, the configuration has a non-trivial monodromy associated with the string dualities.
As pointed in the above references, we have already studied string theories in terms of exotic branes. In F-theory [7, 8] , there exists a [p, q] 7-brane. This is an rotated object from a single D7-brane via the SL(2, Z) S S-duality. In particular, when we define the [1, 0] 7-brane as a D7-brane, the [0, 1] 7-brane, often called the NS7-brane, is nothing but an exotic brane. This is referred to as a 7 3 -brane in the framework of the exotic branes. Furthermore, all of the exotic branes are descendants of the 7 3 -brane via the string dualities.
It has been investigated that there are non-trivial duality relations among various branes of codimension two. Such branes are called defect branes [9] . They are governed by SL(2, Z) E duality transformation group. This duality group is called the exotic duality [4, 9, 10] . This duality group is a subgroup of the U-duality group E d(d) (Z) in (11 − d)-dimensional spacetime with maximal supersymmetries. In particular, the D7-brane and the exotic 7 3 -brane are subject to the SL(2, Z) S S-duality because of the equality E 1(1) (Z) = SL(2, Z) S . This is also one representation of the exotic duality in string theory. Performing the T-duality transformations along certain worldvolume directions of the seven-branes, one obtains various pairs of the SL(2, Z) duality groups in diverse dimensions as in Table 1: D defect branes SL(2, Z) duality group 10B D7-brane, 7 3 -brane SL(2, Z) S = E 1(1) (Z) p + 3 defect Dp-branes, p -brane SL(2, Z) E ⊂ E 8(8) (Z) Table 1 : Various pairs of the SL(2, Z) duality groups in D-dimensional spacetime. SO(2, 2; Z)T is the T-duality group on a compactified two-torus.
It is also useful to visualize the duality relations among various branes of codimension two in T-duality, S-duality and exotic duality (labelled as T, S and E, respectively) among the defect branes which contain the standard branes and the exotic branes. The label T (2) means the T-dualities along two directions.
As one can see immediately, each Dp-brane in (p + 3)-dimensional spacetime has an SL(2, Z) E pair such as a p 7−p 3 -brane. This exotic brane has a strong tension proportional to g −3 s , where g s is the string coupling constant.
The author of this paper has studied mainly the exotic 5 2 2 -brane in the frameworks of the supergravity [11, 12, 13] , the worldvolume theory [14, 15] , and the gauged linear sigma model [16, 17, 18, 19, 20, 21] . In these works, we mainly analyzed a single exotic 5 2 2 -brane. In this paper, we investigate the branch cut of the single exotic brane [22] , the brane junctions by the cut [23, 24, 25, 26, 27] , and the Hanany-Witten transitions [28] . We further study the brane configurations [29] which provide supersymmetric gauge theories on the branes [30, 31, 32, 33, 34, 35, 36, 37] in the presence of multiple exotic five-branes. In particular, we extract the features of the exotic 5 2 2 -brane.
Since we discuss various configurations in this paper, we introduce the following nomenclature:
• (p, q)-string. This is an SL(2, Z) S S-dualized object from a fundamental string (or an Fstring, for short) in ten-dimensional type IIB string theory, where p and q are relatively prime. In other words, an F-string and a D-string are represented as the (1, 0)-string and the (0, 1)-string, respectively. We sometimes refer to the (p, q)-string as the (p, q) 1 -brane.
• (p, q) 5-brane. This is a five-brane on which the (p, q)-string is ending. This is also expressed as a (p, q) 5 -brane in this work. For instance, a D5-brane and an NS5-brane are given as the (1, 0) 5 -brane and the (0, 1) 5 -brane, respectively.
• (p, q) b -brane. This is an object extending in the 12 · · · b-directions. This originates from the (p, q) 5 -brane via the string dualities. We will remark its constituents case by case.
• [p, q] 7-brane. This is a seven-brane on which a (p, q)-string is ending in ten-dimensional type IIB string theory. We mainly refer to it as [p, q] S 7 -brane in this paper. The superscript S implies that this is subject to the SL(2, Z) S S-duality and the subscript 7 means the spatial dimensions. Here the [1, 0] S 7 -brane is nothing but a D7-brane, and the [0, 1] S 7 -brane is an exotic 7 3 -brane.
•
. This is a defect brane of codimension two in (n + 3)-dimensional spacetime. This originates from the [p, q] S 7 -brane via the T-duality transformations along the (7 − n) worldvolume directions. The superscript E denotes that this object is governed by the SL(2, Z) E exotic duality which is the subgroup of the U-duality group E 8−n(8−n) (Z) in (n + 3) dimensions. The subscript dn mentions that this object is a "Dirichlet" n-brane or its SL(2, Z) E exotic dualized one. For example, the [1, 0] E d5 -brane is a defect D5-brane in eight dimensions, and [0, 1] E d5 -brane is an exotic 5 2 3 -brane, as in Figure 1 . We remark that the [p, q] E d7 -brane corresponds to the [p, q] S 7 -brane because of the equality E 1(1) (Z) = SL(2, Z) S .
• [p, q] T s5 -brane. This is a defect five-brane in eight-dimensional theory. The superscript T means that this object is given by the SL(2, Z) ρ duality group which is the part of the T-duality group SO(2, 2; Z) T = SL(2, Z) ρ × SL(2, Z) τ coming from the compactified two-torus. We note that ρ and τ govern the background metric and the B-field on the torus and the complex structure of it, respectively. The subscript s5 represents that this object is a "solitonic" five-brane whose tension is proportional to g −2 s . A [1, 0] T s5 -brane is a defect NS5-brane whose two of four transverse directions are compactified and smeared. A [0, 1] T s5 -brane is an exotic 5 2 2 -brane. Previously, the [p, q] T s5 -brane is referred to as the "defect (p, q) five-brane" in [11] . The [p, q] T s5 -brane is obtained from the [p, q] S 7 -brane via the T-dualities along two transverse directions, and the S-duality.
Analogously, we also introduce a [p, q] T k5 -brane. This is a solitonic object whose constituents are "Kaluza-Klein" (KK) monopoles of codimension two, referred to as defect KK5-branes [11] , or KK-vortices [22] . A [1, 0] T k5 -brane is a KK-vortex and a [0, 1] T k5 -brane is its SL(2, Z) τ dual object.
• [p, q] E f n -brane (n = 0, 1). This is a defect brane in (n + 3) dimensions. More clearly, a [1, 0] E f 1 -brane is an F-string and a [0, 1] E f 1 -brane is its SL(2, Z) E dual, i.e., a 1 6 4 -brane. In the same way, a [1, 0] E f 0 -brane is a pp-wave symbolized as P in Figure 1 , and a [0, 1] E f 0 -brane is a 0
In addition, we also use the notation introduced in [5, 38] . For instance, a D7-brane extending in the 1234567-directions is referred to as D7(1234567)-brane, and an exotic 5 2 3 -brane extending in the 12345-direction with two isometries along the 67-directions as 5 2 3 (12345,67)-brane.
The structure of this paper is as follows. In section 2, we briefly review the role of sevenbranes in F-theory. We argue the monodromy and the branch cut, and branes crossing the cut. We also discuss a configuration given by the web of five-branes with multiple seven-branes and its superconformal limit. In section 3, we apply the string dualities to the brane junctions in F-theory. We find the object ending on the exotic 5 2 2 -brane. Furthermore, we also find three new brane junctions originated from the [p, q] T s5 -brane. In section 4, we construct three webs of branes in the presence of multiple exotic five-branes. Analogous to the original five-branes web with seven-branes, we qualitatively obtain SU (2) gauge theories with n flavors and their superconformal limit with enhanced E n+1 symmetry in five, four, and three dimensions. Section 5 is devoted to the summary and discussions. In appendix A, we demonstrate an example of the exotic brane junctions which is invariant under the string S-duality.
Short review of seven-branes in F-theory
In this section we review the property of seven-branes in F-theory. In section 2.1, we focus on a single [p, q] S 7 (1234567)-brane and its branch cut in its transverse 89-plane. When a (r, s)-string and a (r, s) 5 -brane cross the branch cut, they are transformed by the monodromy of the [p, q] S 7 -brane [23, 24, 25, 26, 27] . In section 2.2, we review the web of five-branes with multiple [p, q] S 7 -branes. This is the five-dimensional version of the Hanany-Witten brane configuration [28] and has been developed by [30, 31, 32, 33, 34, 35, 36, 37] .
Brane junctions in F-theory
First of all, one introduces a complex variable ρ = C (0) + ie −φ , where C (0) and φ are the axion and the dilaton, respectively. ρ is called the complex modulus which depends only on the coordinate z ≡ x 8 + ix 9 . In ten dimensions, ρ couples to a seven-brane magnetically. In addition, in the equations of motion in type IIB string theory, this couples to two three-forms (2) and H (3) = dB (2) are the R-R and the NS-NS three-form field strengths, respectively. Under the SL(2, Z) S S-duality, F i (3) is transformed as a doublet:
This implies that a configuration of a single F-string, given as the (1, 0)-string, is rotated to a (p, q)-string under the SL(2, Z) duality group in such a way that
Here the integers r and s are arbitrary as far as they satisfy ps − qr = 1. Because F i (3) is a doublet of the SL(2, Z) S duality, the (p, q)-string is a bound state of p F-strings and q D-strings.
A D7-brane is a seven-brane on which an F-string is ending. Performing the duality transformation (2.2), the D7-brane is also transformed to a [p, q] S 7 -brane on which a (p, q)-string is ending. Consider a simple situation that a D7-brane (i.e., a [1, 0] S 7 -brane) is dualized to a [0, 1] S 7 -brane. This seven-brane is nothing but the exotic 7 3 -brane on which a D-string is ending. We should keep in mind this phenomenon for later discussions.
One considers the monodromy of a single [p, q] S 7 (1234567)-brane sitting on the origin of the 89-plane. Since this is an extended object of codimension two in ten-dimensional type IIB string theory, the SL(2, Z) S S-duality branch cut appears in the 89-plane. It is known that the monodromy of a single [p, q] S 7 -brane is given by the S-duality transformation of that of a single [1, 0] S 7 -brane in the following way. Going around the [1, 0] S 7 -brane counterclockwise as z → z e 2πi , the complex modulus ρ is transformed as follows:
is obtained as
Since a [p, q] S 7 -brane originates from a D7-brane via the S-duality (2.2), the matrix is also transformed in terms of g p,q :
is quite useful when we consider a certain object crosses the branch cut of the [p, q] S 7 -brane counterclockwise. Hence this is referred to as the monodromy matrix. Here a configuration that an (r, s)-string crosses the branch cut of the [p, q] S 7 -brane is illustrated in Figure 2 : Because of the charge conservation, the Hanany-Witten transition [28] occurs as in Figure 3 : Here three strings gather at a single point. This is called a string junction. The charge of the string from the [p, q] S 7 -brane is determined by the monodromy matrix:
It is noticed that the factor qr − ps should be ±1. The negative sign is also allowed since this implies that a (−p, −q)-string whose orientation is opposite to that of the (p, q)-string also ends on the [p, q] S 7 -brane.
In a similar fashion, one can also consider a configuration that an (r, s) 5 -brane crosses the branch cut of the [p, q] S 7 -brane as in Figure 4 : Here, in order to preserve the 1/4-BPS condition, we assume that a (1, 0) 5 -brane, i.e., a D5-brane extends in the 12348-directions, while a (0, 1) 5 -brane as an NS5-brane extends in the 12349-directions. In this setup, the (r, s) 5 -brane extends in the 1234X-directions, where X means a certain direction in the 89-plane with angle. The angle is determined by the co-prime charges r and s. It is remarked that the (p, q) 5 -brane ends on the [p, q] S 7 -brane because a (p, q)-string ends on both the (p, q) 5 -brane and the [p, q] S 7 -brane. The five-brane charges also satisfy the equation (2.6).
Web of five-branes with multiple seven-branes
In terms of the five-brane junctions in Figure 4 , one can construct a web of five-branes on which a five-dimensional supersymmetric gauge theory with flavors emerges. In particular, thanks to the technology developed by the recent works [32, 33, 34, 35, 36, 37] , one can analyze the strong gauge coupling limit. First, three seven-branes are introduced as follows:
Here K A,B,C are the monodromy matrices of the A-, B-and C-branes, respectively.
Consider a brane configuration on which the five-dimensional N = 1 SU (2) gauge theory with n flavors is realized as in Figure 5 :
A n IIB 0 1 2 3 4 5 6 7 8 9 Figure 5 : A five-brane quadrilateral with n coincident A-branes, two B-branes and two C-branes. The table expresses the extending directions of the A n -branes and the five-branes. In the gravity decoupling limit, this system describes the 5D N = 1 SU (2) gauge theory with n flavors along the 01234-directions on the horizontal D5-branes.
Here two (1, −1) 5 -brane and two (1, −1) 5 -branes are ending on B-branes and C-branes, respectively. It is noticed that one can freely move both the B-branes and the C-branes along the geodesics, i.e., the (1, −1)-direction and the (1, 1)-direction in Figure 5 , respectively. We note that the (1, 0)-direction and the (0, 1)-direction in the figure correspond to the 8th-direction and the 9th-direction in spacetime, respectively. In the gravity decoupling limit, one can trace the five-dimensional N = 1 SU (2) gauge theory on the horizontal D5-branes suspended between two vertical NS5-branes. Now the finite distance of two NS5-branes is set to L. This is a five-dimensional version of the HananyWitten setup [28] .
For simplicity, one restricts the number of n = 5, 6, 7 1 . One can freely move the B-branes and the C-branes into the five-brane quadrilateral without changing the worldvolume theory. Once all the B-and C-branes go into the quadrilateral, the (1, −1) 5 -branes and the (1, 1) 5 -branes are annihilated by the Hanany-Witten transitions. Further, the quadrilateral is highly curved and becomes a loop by the back reactions from the seven-branes. Hence, without crossing the branch cuts, one finds that the seven-branes are arrayed as A n BCBC. Now, move the monodromy branch cuts and reorder the seven-branes in such a way as A n BCCX [3, 1] , where X [3, 1] is a [3, 1] S 7 -brane. In the small size limit L → 0 where the five-brane loop is shrunk, the A n BCC-branes are collapsed to a point and are converted to E n+1 inside the loop, while X [3, 1] is gone infinitely far away from the loop. In this limit, the gauge coupling constant on the five-brane becomes strong and the gauge theory goes to a non-trivial UV fixed point. Eventually, the five-dimensional worldvolume remains along the 01234-directions. There, an N = 1 superconformal field theory with enhanced E n+1 symmetry [39] appears [31] . This is illustrated in Figure 6 : 3 Brane junctions by single exotic five-brane
In this section, we study the brane junctions by exotic five-branes associated with those in F-theory.
Performing the string dualities, we will reveal the property of the exotic 5 2 2 -brane 2 .
Monodromy matrix
We begin with a single D7-brane in ten dimensions. Applying the T-dualities along the 67-directions to the D7(1234567)-brane, we obtain a D5(12345)-brane. We assume that the compactified 67-directions become a two-torus T 2 67 and smeared. Then the complex modulus ρ(z) of the D5-brane is now given as ρ(z) = C (2) 67 + ie −2φ [10] . When we take the S-duality, the D5(12345)-brane becomes a smeared NS5(12345)-brane with the complex modulus ρ(z) = B (2) 67 + ie 2φ = B (2) 67 + i √ det G mn , where G mn is the metric on the two-torus T 2 67 . On the other hand, if we take the S-duality to the original D7(1234567)-brane in ten dimensions, we find that a [0, 1] S 7 (1234567)-brane (i.e., an exotic 7 3 (1234567)-brane) appears. Compactifying the 67-directions to the two-torus and performing the T-dualities along the 67-directions to the 7 3 (1234567)-brane, we find an exotic 5 2 3 (12345,67)-brane in Figure 1 . Now, when we further apply the S-duality to the 5 2 3 (12345,67)-brane, an exotic 5 2 2 (12345,67)-brane appears. This exotic brane is an SL(2, Z) ρ ⊂ SO(2, 2; Z) T dual to the defect NS5(12345)-brane. Hence, if we take the zero size limit of the two torus T 2 67 , the NS5-brane from the D7-brane via the ST 67 -dualities is exotic dual to the 5 2 2 (12345,67)-brane from the 7 3 -brane via the ST 67 -dualities. This implies that the [p, q] S 7 -brane in ten-dimensional theory becomes a [p, q] T s5 -brane of codimension two in eight-dimensional theory. As mentioned before, this is nothing but the "defect (p, q) five-brane" discussed in [11] .
The single [p, q] T s5 -brane also has a non-trivial monodromy originated from the SL(2, Z) ρ subgroup of the T-duality group SO(2, 2; Z) T acting on the compactified two-torus T 2 67 . Indeed, the original SL(2, Z) S monodromy of the [p, q] S 7 -brane in ten dimensions is mapped to the SL(2, Z) ρ monodromy via the ST 67 -dualities. Hence the monodromy matrix of the single [p, q] T s5 -brane is exactly the same as that of the single [p, q] S 7 -brane:
In addition, following the same procedure, we can also immediately obtain the monodromy matrices of the other single [p, q]-branes introduced in section 1: Applying the T (7−n) -dualities along the worldvolume directions of the [p, q] S 7 -brane 3 , the monodromy matrix of the single
, where 0 ≤ n ≤ 7. Furthermore, the monodromy matrices of the single [p, q] E f 1 -brane (i.e., the pair of F-strings and 1 6 4 -branes) and the single [p, q] E f 0 -brane (the pair of pp-waves and 0 (1,0) 3 -branes wrapped on the compact seven-torus T 7 .
String junction
67 is infinitesimal, the wrapped D3-branes behave as D-strings in eight dimensions. Hence we again interpret that the bound state of r D-strings and s wrapped D3-branes as the "(r, s)-string". This new (r, s)-string is sensitive to the branch cut from the [p, q] T s5 -brane as in the original configuration. Then, via the Hanany-Witten transition, the (r, s)-string obtain a three string junction as far as the charge conservation (2.6) is satisfied. The new configuration, i.e., the (r, s)-string crossing the [p, q] T s5 -brane monodromy branch cut and its Hanany-Witten transition, is illustrated in Figure 7 : Let us focus on the exotic 5 2 2 -brane, i.e., the [0, 1] T s5 -brane in Figure 7 . We immediately find that the (r, s)-string crossing the branch cut is transformed to the (r, r + s)-string. This implies that the D-string is sensitive to the monodromy of the 5 2 2 -brane. Furthermore, the wrapped D3-brane is created from the 5 2 2 -brane via the Hanany-Witten transition.
Brane junctions
Next, we argue the five-brane junctions originated from the single [p, q] T s5 -brane. Different from the string junction in Figure 7 , we find three distinct configurations from the original one in Figure 4 . This is because of the difference of T-dualized directions.
The first configuration is given by the ST 67 -dualities of Figure 4 . Since the original (r, s) 5 -brane extends in the 1234X-direction where X is a certain direction in the 89-plane, this five-brane is transformed to a bound state of r exotic 7 3 (1234678)-branes and s exotic 5 2 3 (12349,67)-branes. Because of the charge conservation, this bound state has a certain angle in the 89-plane depending on the co-prime charges r and s. Analogous to the original configuration, the new (r, s) 5 -brane is also sensitive to the [p, q] T s5 -brane monodromy. If the [p, q] T s5 -brane crosses the (r, s) 5 -brane, the Hanany-Witten transition occurs if qr − ps = ±1. This configuration is illustrated in Figure 8 : This configuration preserves one quarter supersymmetries. This is guaranteed by the projection conditions of the supersymmetry on the standard branes and the exotic branes [4, 38, 13] . We can find the following properties of the 5 2 2 -brane when [p, q] = [0, 1] in Figure 8 : A wrapped 7 3 -brane is sensitive to the branch cut. This is transformed to a bound state of a wrapped 7 3 -brane and a 5 2 3 -brane. This implies that the 5 2 3 -brane is created from the 5 2 2 -brane by the Hanany-Witten transition.
The second configuration is obtained by the ST 47 -dualities of Figure 4 . In this case, the original (r, s) 5 -brane becomes a bound state of r NS5-branes wrapped on the compact circle S 1 7 along the 7th-direction and s KK5-branes wrapped on the same compact S 1 7 . If the compact circles along the 47-directions are infinitesimal, the five-branes can be seen as four-branes. Then we rename the new object crossing the branch cut as the (r, s) 4 -brane. This new object is also transformed by the [p, q] T s5 -brane monodromy. The configuration is illustrated in Figure 9 : We can read off the properties of the 5 2 2 -brane when [p, q] = [0, 1] in Figure 9 . A wrapped NS5-brane is transformed to a bound state of a wrapped NS5-brane and a wrapped KK5-brane. The Hanany-Witten transition tells us that the wrapped KK5-brane is created from the 5 2 2 -brane.
The third configuration is given by the ST 34 -dualities of Figure 4 . In this case, the original (r, s) 5 -brane is dualized to a bound state of r D3-branes and s D5-branes wrapped on the compact two-torus T 2 34 . In the small size limit of T 2 34 , the new (r, s) 5 -brane can be seen as a three-brane. Then we refer to the new one as the (r, s) 3 -brane. The configuration is represented in Figure 10 : We also find further properties of the exotic 5 2 2 -brane as a [0, 1] T s5 -brane in Figure 10 . This figure emphasizes that a D3-brane is transformed to a bound state of a D3-brane and a wrapped D5-brane by the monodromy. This wrapped D5-brane is created from the 5 2 2 -brane via the Hanany-Witten transition because of the charge conservation.
We have discussed the new brane junctions associated with the five-brane junction in F-theory. Thanks to the duality transformations, we found that the D3-brane wrapped on the compact twotorus ends on the exotic 5 2 2 -brane. We also found the objects sensitive to the monodromy branch cut of the exotic 5 2 2 -brane when [p, q] = [0, 1]. Furthermore, we also understood the brane creations from the exotic 5 2 2 -brane via the Hanany-Witten transitions. Utilizing the results which we obtained in this section, we will study new brane configurations which give rise to the superconformal field theories in the strong gauge coupling limit.
Web of branes with multiple exotic five-branes
We apply the brane junctions discussed in the previous section to the webs of branes in the presence of multiple exotic branes. This scenario is associated with the web of five-branes with seven-branes in the various works [31, 37] . In this section, we find conformal field theories with eight supercharges in five, four, and three dimensions. For simplicity, we focus only on the brane configurations which yield an SU (2) gauge symmetry on the web of branes, though it is also possible to consider brane configurations which provide higher-rank gauge symmetries as discussed in [32, 41, 37] .
Before starting the discussions, we introduce the following [p, q] T s5 -branes and the corresponding monodromy matrices K analogous to those (2.7) in F-theory:
Web of five-branes and 5D SCFTs
We begin with the web of (r, s) 5 -branes with multiple exotic five-branes whose constituents are given in Figure 8 . Analogous to the discussion in section 2.2, we construct a five-brane quadrilateral whose horizontal and vertical segments are (0, 1) 5 -branes (i.e., wrapped 7 3 -branes) and (1, 0) 5 -branes (5 2 3 -branes), respectively. Now the distance of two vertical five-branes is measured as L. Because of the charge conservation of the (r, s) 5 -branes, there are four external legs along the (1, −1)-direction and the (1, 1)-direction. Without changing the physics on the web of five-branes, we can attach the B-and C-branes at the end of these external legs, respectively. Finally, we put n coincident A-branes (NS5-branes) inside the quadrilateral. This configuration is expressed in Figure 11 : This configuration preserves 1/4-BPS and all the branes have the common 01234-directions in their worldvolumes. Moving the A n -branes horizontally, we can find that n horizontal 7 3 -branes which end on the vertical 5 2 3 -branes are created by the Hanany-Witten transitions. Hence, in the gravity decoupling limit, the five-dimensional N = 1 SU (2) gauge theory with n flavors emerges on the 01234-directions of the 7 3 -branes. However, we should notice that the gauge fields and the matters originate from the excitation modes of open D-strings ending on the horizontal 7 3 -branes rather than F-strings. The W-boson is given by an open D-string stretched between two horizontal 7 3 -branes. The instanton comes from the open D3-branes wrapped on the two-torus T 2 67 and stretched between two vertical 5 2 3 -branes (see section 3.1). It is remarked that we can also derive this configuration from Figure 5 via the ST 67 -dualities, where the size of the compact two-torus T 2 67 should be infinitesimal.
Following the discussion in [31] , we consider the strong gauge coupling limit of the gauge theory on the five-branes. To do so, we first evaluate the gauge coupling constant g YM on the horizontal 7 3 -branes. Although we do not know the DBI action of the 7 3 -brane rigorously, we can estimate it from that of the D7-brane via the S-duality. The DBI action of the single Dp-brane is
where s is the string length and ξ is the worldvolume coordinates. φ, g ab and B ab are the dilaton, the induced metric and the pull-back of the NS-NS B-field, respectively. F ab is the field strength of the worldvolume gauge potential. Since we are interested in the gauge coupling constant g YM from the D7 action, we extract the quadratic term of F ab around the flat background:
Here we generally ignored numerical factors. Now we estimate the DBI action of the wrapped 7 3 -brane in Figure 11 . We perform the S-duality by replacing g s → 1/g s and 2 s → g s 2 s , and the worldvolume integral d 8 ξ is given as
where R i are the radii of the compact two-torus T 2 67 after the T-dualities. Then we obtain the relation between the gauge coupling constant g YM and the parameters on the wrapped 7 3 -branes:
In the gravity decoupling and the strong gauge coupling limit, we should take the following limit:
This is the small size limit of the quadrilateral in Figure 11 . We also emphasize that the radii of the compact circles R i = 2 s / R i before the T-dualities, i.e., the size of radii in Figure 5 , are infinitely large. Since the gauge theory lives in the 01234-directions, the strongly coupled theory emerges at the UV fixed point. Hence, in the same way as in [31] , the superconformal field theory with n flavors under the global E n+1 symmetry should be non-trivially realized. We qualitatively argue this in terms of the five-brane web illustrated in Figure 12 :
Figure 12: After the Hanany-Witten transitions of Figure 11 , we reorder the five-branes by moving their branch cuts. Further we take the small size limit of the five-brane loop when n = 5, 6, 7.
We begin with the five-brane quadrilateral in the presence of n coincident A-branes, two B-branes and two C-branes. Through the Hanany-Witten transitions, all of the branes are put inside the quadrilateral. Then the four external legs are annihilated and the quadrilateral is highly curved by the back reactions from the A n BCBC-branes. We refer to the deformed quadrilateral as the five-brane loop. By moving the monodromy branch cuts inside the loop, the ordering of the branes becomes A n BCCX [3, 1] , where X [3, 1] is the exotic [3, 1] T s5 -brane. We find that the A n BCC-branes are collapsible and becomes the single E n+1 -brane as far as we concern n = 5, 6, 7. In the strong gauge coupling limit (4.6), the five-brane loop shrinks to zero size. Since the E n+1 -brane and the X [3, 1] -brane are not collapsible, the X [3, 1] -brane goes outside and moves infinitely far away from the loop, though the E n+1 -brane remains inside the loop. Then, in the limit, the five-dimensional SCFT appears. The open D-strings stretched between the E n+1 -brane and the loop provide the global E n+1 symmetry. The quantitative analysis is completely parallel to that of the ordinary fivebrane web [31] . This discussion is also applicable even if 0 ≤ n ≤ 4 and n = 8 [37] . We conclude that the five-dimensional N = 1 SCFTs with E n+1 symmetry can be realized in the [p, q] T s5 -branes background.
Web of four-branes and 4D SCFTs
Next, we consider the web of (r, s) 4 -branes in the presence of the exotic five-branes (4.1), whose building blocks are discussed in Figure 9 . We set the four-brane quadrilateral with A n -, B-and C-branes as in Figure 13 . In this configuration, the gauge theory with eight supercharges emerges on two horizontal wrapped NS5-branes. The W-boson and the instanton come from an open Dstring stretched between two horizontal wrapped NS5-branes and an open D3-brane wrapped on the two-torus T 2 47 ending on two vertical wrapped KK5-branes, respectively. In a similar fashion, we investigate the strong gauge coupling limit of the theories with eight supercharges on the four-brane web. First, we estimate the gauge coupling constant on the worldvolume of the horizontal wrapped NS5-branes. The DBI action of the single NS5-brane is obtained from that of the Dp-brane (4. via the string dualities 4 . Performing the ST 67 -dualities, we can extract the kinetic term of the gauge potential on the wrapped NS5-brane:
Here R 7 is the radius of the compact 7th-direction after the T-duality. Then the strong gauge coupling limit is given as
For example, we qualitatively discuss the gauge theory and its strong coupling limit in the case of n = 5, 6, 7 in Figure 14 :
Figure 14: After the Hanany-Witten transitions of Figure 13 , we reorder the five-branes by moving their branch cuts. Further we take the small size limit of the four-brane loop when n = 5, 6, 7.
4 Of course the DBI action of the single NS5-brane is well known. For instance, see [14] in which the DBI actions of the NS5-brane, the D5-brane, the exotic 5 Following the discussions of Figures 6 and 12 , we find the global E n+1 symmetry in the strong coupling limit. This is realized at the non-trivial fixed point discussed in [42, 43] . Hence we found that the four-dimensional N = 2 SCFTs with n flavors (0 ≤ n ≤ 7) are also obtained by the exotic [p, q] T s5 -branes, though the field theory contents originated from the excitations of the four-branes are different from the original five-brane web. We can also think of the Tao diagram [37] when n = 8 in this four-brane web in the presence of the exotic five-branes.
Web of three-branes and 3D SCFTs
Finally, we investigate the web of (r, s) 3 -branes in the presence of the multiple exotic [p, q] T s5 -branes whose constituents are given by Figure 10 . Again, we consider a simple model given by a quadrilateral with exotic branes illustrated in Figure 15 : The gauge coupling on the horizontal D3-branes can be obtained by the DBI action (4.2) in such a way that
Then the strong gauge coupling limit is nothing but the small size limit:
Analogous to the previous discussions, we can again qualitatively discuss the emergence of the superconformal theory illustrated in Figure 16 :
Figure 16: After the Hanany-Witten transitions of Figure 15 , we reorder the five-branes by moving their branch cuts. Further we take the small size limit of the three-brane loop when n = 5, 6, 7.
Even though the dimensions of the brane web is different from the others, we obtain the collapsible E n+1 -brane inside the loop and the X [3, 1] -brane going infinitely far away from the loop in the strong coupling limit. Hence, we find that three-dimensional N = 4 SU (2) gauge theories with n = 5, 6, 7 flavors flow to the N = 4 SCFTs with E n+1 symmetry.
Summary and discussions
In this paper, we studied various brane junctions and their Hanany-Witten transitions originated from the exotic branes. Applying the string dualities to the [p, q] 7-brane in F-theory, we found the monodromy matrices of various [p, q]-branes in lower dimensions. In particular, we carefully investigated various configurations involving the exotic 5 2 2 -brane. Furthermore, we analyzed the web of branes in the presence of the multiple exotic five-branes analogous to the web of five-branes with multiple seven-branes in F-theory. We obtained an exotic brane configuration which provides the same SCFTs in five dimensions. We also obtained new configurations with the exotic five-branes which give rise to non-trivial SCFTs with enhanced E n+1 symmetry in four and three dimensions.
There are open questions. We can formally construct the SCFTs with n = 8 flavors when we put eight coincident A-branes inside the web of branes. In five-dimensional case, the SCFT describes the E-string as discussed in [37] . In four and three dimensions, we can also construct the brane configurations including eight coincident A-branes. It will be interesting if their SCFTs describe new stringy phenomena. We did not explicitly described other exotic [p, q]-branes, although they are similarly found as in the case of the exotic [p, q] T s5 -branes. In appendix A, we briefly introduce one example.
We have studied the property of the exotic branes in the conventional frameworks. It is also known that β-supergravity and its U-duality extension [44, 45, 46, 10] will provide much richer configurations of various branes in globally nongeometric backgrounds 5 . For instance, there exist 5 We note that the U-duality extended version of β-supergravity [46, 10] involves the Ramond-Ramond potentials Cp and their string dualized objects γ p . This formulation may be referred to as "γ-supergravity".
further SL(2, Z) S S-duality doublets in Figure 1 . A pair of the 5 2 3 -brane and the 5 2 2 -brane is a doublet analogous to the ordinary pair of the D5-brane and the NS5-brane. A pair of the 1 6 4 -brane and the 1 6 3 -brane is also a doublet. This is similar to a pair of the F-string and the D-string. However, such pairs of exotic branes never appear in the conventional frameworks. They would be doublets in the nongeometric backgrounds and could be captured by the above extended versions of the ordinary supergravity.
Here we exhibit two configurations of the brane junctions in the nongeometric backgrounds. One is the five-branes junction involving the pair of the 5 2 3 -brane and the 5 2 2 -brane rather than the pair of the D5-brane and the NS5-brane. See Table 2 This configuration is never realized in ten dimensions because the 67-directions are compactified. This cannot be obtained from any brane configurations in the conventional supergravity theories via the string dualities. Furthermore, in the current understanding, it is unclear what kind of objects are ending on the [p, q] S 7 -brane and this nongeometric (r, s) 5 -brane simultaneously. A similar situation occurs when we consider the second configuration expressed in Table 3:   IIB  0 1 2  3  4  5  6  7 8 9 [p, q] S 7 p "D7" − − − − − − − − q "7 3 " − − − − − − − − This resembles the configuration in Figures 2 and 3 . However, this is realized in four-dimensional spacetime. This configuration is not related to any brane configurations in the framework of the conventional supergravity, neither. The above two configurations are the typical ones which should be understood in β-or γ-supergravity. It would also be important that the exotic [p, q]-branes should be represented in the framework of exceptional field theories (or EFTs, for short). EFTs in diverse dimensions have been already constructed as in 6 3 E 5(5) (Z) = SO(5, 5; Z) [51] 11 − n 8 − n SL(n + 1; Z) ⊆ E n(n) (Z) [56] Once the exotic branes are analyzed in EFTs, we will be able to understand all of the exotic structures of string theory beyond the SL(2, Z) duality subgroup of the full U-duality symmetry groups, as proposed in [57, 58] .
We conclude that, as far as we concern the configurations derived from the [p, q] 7-branes in F-theory, the techniques we utilized in the configurations with the exotic 5 2 2 -branes can also be applicable to any configurations in the presence of defect branes in any spacetime dimensions. Hence, applying the techniques of the seven-branes to the exotic branes, we can construct F-theories in diverse dimensions. When we understand the whole structures of EFTs, we can construct further generalized F-theories involving the highly nongeometric configurations in Tables 2 and 3 Because of the T 2347 -dualities, the original (r, s) 5 -brane in Figure 4 is transformed to a (r, s) 2 -brane whose constituents are r D3-branes wrapped on the compact S 1 7 along the 7th-direction and s KK5-branes wrapped on the compact three-torus T 3 234 along the 234-directions. This configuration is interesting. This is because all of the branes, except for the (p, q)-string ending on the [p, q] E d3 -brane, are self-dual under the string S-duality. Analogous to the web of five-branes in Figure 5 , if we construct webs of two-branes in which the configuration in Figure 17 are the building blocks, we may obtain two-dimensional SCFTs with non-trivial flavor symmetry and eight supercharges. These SCFTs are invariant under a certain duality symmetry associated with the string S-duality.
